Introduction
This chapter will consider two discrete time mixed LQR/ H ∞ control problems. One is the discrete time state feedback mixed LQR/ H ∞ control problem, another is the non-fragile discrete time state feedback mixed LQR/ H ∞ control problem. Motivation for mixed LQR/ H ∞ control problem is to combine the LQR and suboptimal H ∞ controller design theories, and achieve simultaneously the performance of the two problems. As is well known, the performance measure in optimal LQR control theory is the quadratic performance index, defined in the time-domain as 0 :
( () () () () ) :
Recall that the discrete time state feedback optimal LQR control problem is to find an admissible controller that minimizes the quadratic performance index (1) subject to the systems (2) (3) with 0 w = , while the discrete time state feedback H ∞ control problem is to find an admissible controller such that () zw Tz γ ∞ < subject to the systems (2)(3) for a given number 0 γ > . While we combine the two problems for the systems (2)(3) with 2 [0, ) wL ∈∞ , the quadratic performance index (1) is a function of the control input () uk and disturbance input () wk in the case of (0) x being given and γ being fixed. Thus, it is not possible to pose a mixed LQR/ H ∞ control problem that is to find an admissible controller that achieves the minimization of quadratic performance index (1) subject to () (1) is an uncertain function depending on the uncertain disturbance input () wk . In order to eliminate this difficulty, the design criteria of state feedback mixed LQR/ H ∞ control problem should be replaced by the design criteria The stochastic problem corresponding to this problem is the combined LQG/ H ∞ control problem that was first presented by Bernstein & Haddad (1989) . This problem is to find an admissible fixed order dynamic compensator that minimizes the expected cost function of the form lim ( )
Here, the disturbance input w of this problem is restricted to be white noise. Since the problem of Bernstein & Haddad (1989) involves merely a special case of fixing weighting matrices Q and R , it is considered as a mixed 2 H / H ∞ problem in special case. Doyle et al. (1989b) considered a related output feedback mixed 2 / HH ∞ problem (also see . The two approaches have been shown in Yeh et al. (1992) to be duals of one another in some sense. Also, various approaches for solving the mixed 2 / HH ∞ problem are presented Limebeer et al. 1994; Sznaier ,1994; Rotstein & Sznaier, 1998 ; Sznaier et al. , 2000) . However, no approach has involved the mixed LQR/ H ∞ control problem until the discrete time state feedback controller for solving this problem was presented by Xu (1996) . Since then, several approaches to the mixed LQR / H ∞ control problems have been presented in Xu (2007 Xu ( , 2008 . The first goal of this chapter is to, based on the results of Xu (1996 Xu ( ,2007 , present the simple approach to discrete time state feedback mixed LQR / H ∞ control problem by combining the Lyapunov method for proving the discrete time optimal LQR control pro-blem with an extension of the discrete time bounded real lemma, the argument of compl-etion of squares of Furuta & Phoojaruenchanachi (1990) and standard inverse matrix man-ipulation of Souza & Xie (1992) . On the other hand, unlike the discrete time state feedback mixed LQR / H ∞ control problem, state feedback corresponding to the non-fragile discrete time state feedback mixed LQR/ H ∞ control problem is a function of controller uncertainty () Fk Δ , and is given by
where, () Fk Δ is the controller uncertainty. The closed-loop transfer matrix from disturbance input w to the controlled output z and quadratic performance index for the closed-loop system (2) (4) . In order to eliminate these difficulties, the design criteria of non-fragile discrete time state feedback mixed LQR/ H ∞ control problem should be replaced by the design criteria Motivation for non-fragile problem came from Keel & Bhattacharyya (1997) . Keel & Bhattacharyya (1997) showed by examples that optimum and robust controllers, designed by using the 2 H , H ∞ , 1 l , and μ formulations, can produce extremely fragile controllers, in the sense that vanishingly small perturbations of the coefficients of the designed controller destabilize the closed-loop system; while the controller gain variations could not be avoided in most applications.This is because many factors, such as the limitations in available computer memory and word-length capabilities of digital processor and the A/D and D/A converters,result in the variation of the controller parameters in controller implementation. Also, the controller gain variations might come about because of external effects such as temperature changes.Thus, any controller must be insensitive to the above-mentioned contoller gain variation. The question arised from this is how to design a controller that is insensitive, or non-fragile to error/uncertainty in controller parameters for a given plant. This problem is said to be a non-fragile control problem. Recently, the non-fragile controller approach has been used to a very large class of control problems (Famularo et al. 2000 , Yang et al 2000 , Yang et al. 2001 and Xu 2007 . The second aim of this chapter is to, based on the results of Xu (2007) 
Preliminaries
This section reviews several preliminary results. First, we consider the discerete time Riccati equation and discrete time Riccati inequality, respectively We are particularly interested in solution s X of (5) and (6) 
Based on the above relation, we can say that if a symmetric matrix X is a stabilizing solution to the discrete time Riccati equation (7), then it also is a stabilizing solution to the discrete time Riccati inequality (6). According to the concept of stabilizing solution of discrete time Riccati equation, we can define the stabilizing solution X to the discrete time Riccati inequality (6) as follow: if there exists a symmetric solution X to the discrete time Riccati inequality (6) such that 1 () IR X A − + is stable, then it is said to be a stabilizing solution to the discrete time Riccati inequality (6) .
If A is invertible, the stabilizing solution to the discerete time Riccati equation (5) 
Assume that S has no eigenvalues on the unit circle, then it must have n eigenvalues in 1
If n eigenvectors corresponding to n eigenvalues in 1 i λ < of the simplectic matrix (8) is computed as
then a stabilizing solution to the discerete time Riccati equation (5) is given by
Secondly, we will introduce the well known discrete time bounded real lemma (see Zhou et al. , 1996; Iglesias & Glover, 1991; Souza & Xie, 1992) .
Lemma 2.1 (Discrete Time Bounded Real Lemma)
Suppose that 0
, then the following two statements are
ii. There exists a stabilizing solution 0
CAis observable ) to the discrete time Riccati equation 
where, 0 0
The following lemma is an extension of the discrete time bounded real lemma. Lemma 2.2 Given the system (2) under the influence of the state feedback (3), and suppose that 0
if there exists a stabilizing solution 0 X ∞ ≥ to the discrete time Riccati equation
www.intechopen.com Proof: Consider the reference system (9) under the influence of the state feedback (3), and define 0 T as
then the closed-loop transfer matrix from disturbance input w to the controlled output ẑ is
Hence, it follows from Lemma 2.1. Q.E.D.
To prove the result of non-fragile discrete time state feedback mixed LQR/H ∞ control problem, we define the inequality
where,
In terms of the inequality (11) 
where, 22 3 2 
Add the above zero equality to J to get
Substituting (11) for the above formula,we get that for any () uk and () wk and (0) 
State Feedback
In this section, we will consider the discrete time state feedback mixed LQR/ H ∞ control problem. This problem is defined as follows: Given the linear discrete-time systems (2) If this controller K exists, it is said to be a discrete time state feedback mixed LQR/ H ∞ controller.
Here, we will discuss the simplified versions of the problem defined in the above. In order to do this, the following assumptions are imposed on the system Assumption 1 1 (,) CA is detectable.
Assumption 2

(, )
AB is stabilizable. 
, and
Before proving Theorem 3.1, we will give the following lemma. Lemma 3.1 Suppose that the discrete time Riccati equation (13) 
+= − +
Rearraging the discrete time Riccati equation (13) (   T   TT  TT  TT  T  T 
TT T T T T TT T T T T T TT T TT T
XA X A A X B U B X A A U B U B U A C C Q A XA A XB UB XAC C Q A U B UBX XB UB X A AX X B UB XB UB U A AUBU R I B X X BU
TT T T T TT TTT XB UB U A A XA A U B UB XA A XB UB U A A U B UB XB UB U A CC AUBU U BUA AUBU R U BUA Q AXBU BX A AUBU BXBU BX
Since the discrete time Riccati equation (13) has a stabilizing solution 0 X ∞ ≥ , the discrete time Riccati equation (14) 
Also, noting that the discrete time Riccati equation (13) sup inf{ } ( )
Non-fragile controller
In this section, we will consider the non-fragile discrete-time state feedback mixed LQR/ H ∞ control problem with controller uncertainty. This problem is defined as follows: Consider the system (2) (4) satisfying Assumption 1-3 with w ∈ 2 [0, ) L ∞ and 
with the elements of () Fk being Lebesgue measurable. If this controller exists, it is said to be a non-fragile discrete time state feedback mixed LQR/ H ∞ controller. In order to solve the problem defined in the above, we first connect the its design criteria with the inequality (11). is stable and J can be rewritten as follows:
Substituting (11) for (18) ()
The following theorem gives the solution to non-fragile discrete time state feedback mixed LQR/ H ∞ control problem. 
Noting that
Considering (22) 
Also, it can be easily shown by using the similar standard matrix manipulations as in the proof of Theorem 3.1 in Souza & Xie (1992) 
Note that and   22  1  32  2  2  21  23  2  3 2  2  2  22  1  22  2 3  2  22 32 2
by using the similar standard matrix manipulations as in the proof of Theorem 3.1 in Souza & Xie (1992) . Note that Q. E. D.
Numerical examples
In this section, we present two examples to illustrate the design method given by Section 3 and 4, respectively. Example 1 Consider the following discrete-time system in Peres and Geromel (1993) 12 11 2
(1 ) ( 
Conclusion
In this chapter, we first study the discrete time state feedback mixed LQR/ H ∞ control problem. In order to solve this problem, we present an extension of the discrete time bounded real lemma. In terms of the stabilizing solution to a discrete time Riccati equation, we derive the simple approach to discrete time state feedback mixed LQR/ H ∞ control problem by combining the Lyapunov method for proving the discrete time optimal LQR control problem with the above extension of the discrete time bounded real lemma, the argument of completion of squares of Furuta & Phoojaruenchanachi (1990) and standard inverse matrix manipulation of Souza & Xie (1992) .A related problem is the standard H ∞ control problem (Doyle et al., 1989a; Iglesias & Glover, 1991; Furuta & Phoojaruenchanachai, 1990; Souza & Xie, 1992; Zhou et al. 1996) , another related problem is the H ∞ optimal control problem arisen from Basar & Bernhard (1991) . The relations among the two related problem and mixed LQR/ H ∞ control problem can be clearly explained by based on the discrete time reference system (9)(3). The standard H ∞ control problem is to find an admissible controller K such that the H ∞ -norm of closed-loop transfer matrix from disturbance input w to the controlled output z is less than a given number 0 γ > while the H ∞ optimal control roblem arisen from Basar & Bernhard (1991) is to find an admissible controller such that the H ∞ -norm of closed-loop transfer matrix from disturbance input w to the controlled output 0 z is less than a given number 0 γ > for the discre time reference system (9)(3). Since the latter is equivalent to the problem that is to find an admissible controller K such that , we may recognize that the mixed LQR/ H ∞ control problem is a combination of the standard H ∞ control problem and H ∞ optimal control problem arisen from Basar & Bernhard (1991) . The second problem considered by this chapter is the non-fragile discrete-time state feedback mixed LQR/ H ∞ control problem with controller uncertainty. This problem is to extend the results of discrete-time state feedback mixed LQR/ H ∞ control problem to the system (2)(4) with controller uncertainty. In terms of the stabilizing solution to a parameter-dependent discrete time Riccati equation, we give a design method of non-fragile discrete-time state feedback mixed LQR/ H ∞ controller, and derive necessary and sufficient conditions for the existence of this nonfragile controller.
